In recent years, a novel skid-steered duct-cleaning mobile platform was developed to remove dust accumulated on the inner surface of an air-ventilation duct with its rolling brushes. During the cleaning process, the irregular brushing pressure acting on the upper arm makes it difficult to control the platform through the duct path. In fact, the repulsive external force due to the brushing pressure is not directly measurable or computable because of the nonlinear deformation of the brush. In addition, dynamic uncertainties in platform motion can occur during reciprocating motion of the upper arm. Therefore, a model-based trajectory-tracking controller is required to control the mobile cleaning platform by considering irregular external forces. The robustness of the developed controller based on the adaptable PD(Proportional-Derivative)-backstepping method has been proposed and evaluated through numerical analysis and experiments. For the turning motion in a narrow space, a skid-steered platform model considering wheel slippage has been also implemented. The result shows that tracking control can be successfully achieved under various conditions of frequencies in brushing-arm motion and torque limitation of the traction motors.
Introduction
Effective air-duct-cleaning techniques have been studied to improve the air quality of ventilation-duct systems broadly used in subway stations and buildings. Automatic control platforms have been developed for duct-cleaning robots and devices to enhance their operability in the dark and limited space inside the duct. Therefore, various ventilation-duct-cleaning robots have been developed with intelligent controllers, sensors, skid-steering functions, and brushing-arm mechanisms. In particular, mechanical brushing methods have been effectively applied for the removal of dusts accumulated inside air-duct surfaces with linkage-arm-based mechanical brushes [1] . The mobile platform also requires a stable trajectory-tracking controller with skid-steering to be used in the limited air-duct space. The rotating brush of the cleaning arm has to consider the interactive forces between the brush and the target surface of the inner duct during the cleaning process. In the dynamic modeling of the mobile platform, the contact forces between the rotating brush and the duct surface induce wheel slippage in the lateral direction, requiring skid-steering control of the platform, as depicted in Figure 1 . Therefore, to achieve effective control of the duct-cleaning platform, it is essential to construct a dynamic model of the system including unknown variables such as nonlinear deformation of the filaments of the brush and unknown friction coefficients at each contacting point of the cleaning mechanism. In addition, the lateral loads of the mobile platform and the reciprocating motion of the upper-arm brush results in a shifting center of mass (CM) of the platform. The repulsive cleaning forces of the brush and the periodic shift of the CM become dynamic uncertainties of the platform and increase the instability of platform control. Thus, it is essential to develop a robust trajectory-tracking controller that is adaptable for nonlinear systems experiencing complicated interactions during brushing and steering control. Moreover, a trajectory controller that remains stable against uncertainties of the external reaction forces can help to reduce the torque capacity of the traction motors by distributing the torque requirements on each wheel. Feedback linearization, sliding mode control, and adaptive control methods for nonlinear systems are applicable for the trajectory-tracking control of wheeled mobile platforms constrained by nonholonomic conditions [2] [3] [4] . However, linearization techniques are restrictive and often make the system unstable because of chattering issues and high sensitivity to external disturbances [5] . Thus, trajectory planning and tracking control under high dynamic uncertainty requires backstepping controllers that use velocity feedback to stabilize tracking errors asymptotically [6] . In addition, fuzzy inference methods and neural-network algorithms can also provide good solutions for inferring uncertainties whose feedback control is difficult without a complete dynamic model of the controlled system [7, 8] . However, intelligent-control schemes can require prior information about the target system or higher computational-processor capability. Therefore, conventional PID controllers have been used to reduce trajectory-tracking errors, rather than nonlinear control [9] .
In addition, a conventional backstepping method has been suggested for the nonlinear interacting forced system in the control of duct cleaning mobile platform as a strict feedback form. Therefore, system robustness can be maintained by using high gain control. However, the mobile platform system can be unstable in case of uncertain parameters and un-modeled dynamics. Recent researchers also propose adaptive control [10] , sliding mode control [11] , and a neural network [12] based on the backstepping control scheme. These approaches can provide solutions for the system with uncertainties and external disturbance, but can increase complexity and processing loads in the real time control system. The four-wheel skid-steered platform can be modeled for the model based real-time trajectory-tracking. Wheel slippages can also be considered for the skid-steering-motion control of differentially driven platforms. Such slippage can be estimated from the shear stress of the tire-road contact mechanism, but this technique is not preferred for real-time control applications because of very high calculation loads [13] . In addition, the center of curvilinear motion of a skid-steered platform becomes the instantaneous center of rotation (ICR) affected by wheel slippage. In two-wheeled platforms, the ICR can be located on the extended line connecting the left and right wheels. However, the ICR cannot be geometrically described in four-wheeled platforms. Thus, the location of the ICR has been estimated through experiments considering the kinematics of the platform [14, 15] . Moreover, the estimation of ICR position is much more difficult in low-speed skid-steered platforms. In this study, an effective modeling and control method for skid-steered duct-cleaning platforms has been proposed with various backstepping-based nonlinear controllers. Therefore, we achieve robust trajectory-tracking control for the skid-steered duct-cleaning mobile platform.
Design of the Duct Cleaning Robot

A Mobile Duct-Cleaning Platform
A simple linkage mechanism with rotating brushes (as depicted in Figure 1 ) has been applied to the platform to clean the interior duct surface. The brushing arms consist of a four-bar-based front arm and a five-bar-based upper-arm mechanism whose cleaning workspace covers all sides of the duct surface during the cleaning process. In addition, the skid-steering controller implemented by wheel-speed differentials enables effective turning motion within the limited space inside the duct. The front and rear wheels at each side are connected through a timing belt and a pulley module driven by the DC motor. Ultrasonic sensors at each side are used to measure the distance between the mobile platform and the duct wall. A CCD-camera module has been equipped to monitor the cleaning process.
While control strategies using the skid-steering mechanism can be widely used in many applications, they require prediction or estimation of wheel slippage that is changeable depending upon the dynamic environment. Furthermore, the dynamically changing disturbances during interactions between the brush and duct surfaces affect the wheel dynamics and thus tracking control of the mobile platform. Therefore, design of the model-based trajectory-tracking controller for overcoming wheel slippage has become a key feature for the skid-steered duct-cleaning mobile platform. Figure 1 illustrates the novel duct-cleaning robot and its operating environment in the air duct. A schematic-control diagram of the mobile robot is shown in Figure 2 . 
Modeling of the Skid-Steered Platform
The main goal of the four-wheeled mobile platform is to enable accurate trajectory-tracking control while cleaning ducts with its rolling brushes and arm. Therefore, it is essential to estimate the trajectory of the platform for the tracking controller based on a kinematic and dynamic modeling of the platform. The basic model of the wheeled mobile platform is represented by the global coordinate (q = [X, Y, Φ]) as illustrated in Figure 3 . Lateral forces acting on each wheel are described as functions of the vertical forces at the contacting points with the floor. Based on the model configuration in Figure 3 , the equation of motion for the skid-steered platform with coordinate q = [X, Y, Φ] becomes
where F xi is the tractive force at the contact of the wheel, R x is the sum of the longitudinal resistive forces of the wheels, F y is the sum of the lateral forces at the contact patches of the wheels, r is the wheel radius, t is half of the track width, ICR x is the longitudinal distance of the ICR at the CM, τ i are the torques of each driving motor, matrix A(q) represents the constraint condition, and λ is Lagrange multiplier [16] . The quantities R x , F y and M r can be calculated by longitudinal and lateral friction coefficients (µ x , µ y ) between the wheel and the floor as follows
sgn(ẋ i ), The kinematics of the skid-steering platform are described bẏ
where S(q) is 3 × 2 coordinate transformation matrix and v = [ẋ ω] is the velocity vector at the CM of the platform. Nonholonomic constraints can also be applied to the kinematics because the skid-steered platform cannot be driven directly in the lateral direction. The equation of motion considering nonholonomic contraints can be obtained by defining A(q) [6] .
Torques from the controller for trajectory-tracking are calculated from Equation (6) as follows
where u = (u 1 , u 2 ) is referred to as the control input.
Estimating ICR with a Wheel Slippage Model
The turning motion of the four-wheel skid-steered platform can be explained at the point of the ICR by the difference in the wheel speed on each side. The ICR can be defined by
where the longitudinal, lateral, and yaw velocities at the center of mass of the platform areẋ,ẏ anḋ φ respectively. In case of two-wheeled platforms, the ICR is located geometrically on the extended line of the virtual driving axle of the two wheels, which passes through the CM of the platform. In the lateral direction, the ICR approaches closer to the platform as the velocity difference between the left and right wheels increases, vice versa, the ICR becomes more distant from the CM as the velocity difference decreases. However, in case of two driving axled platform, the ICR cannot be located on the line which passes through the CM. The radius of curvature of the platform turning motion is based on the distance from the ICR to the CM, and can be shifted according to the amount of wheel slippage in the differentially driven turning platform. Estimating the position of the ICR under wheel slippage is required to control the trajectory of the skid-steered platform. The longitudinal position of the ICR can be estimated by the sequence using the yaw rate(φ ) of the local coordinate, as shown in Figure 4 .
The kinematic matrix, S (q), becomes
where the slip ratio(λ i ) of wheels is
with ω i being the angular speed of the i th wheel [17] . 
Modeling of the Interactive Forces
The dust-removal process is carried out by the contact forces between the duct surface and the rotating brush attached at the end of a moving arm on the mobile platform. Since the rotating brush consists of thin filaments whose deformation is irregular during the cleaning process, it is difficult to calculate the friction and repulsive forces of the rotating brush. Nevertheless, those unknown forces have to be estimated under given conditions by modeling the interaction, so as to minimize trajectory errors. Figure 5 shows the free body diagram considering the interacting-force model during the brushing process. In the free body diagram, it is assumed that the brush-interaction forces are transferred to the moving platform and wheels though the upper arm and the revolute joint. The interacting forces during the brushing in the circular duct can be expressed as the rotating angle of the upper arm(θ) at time domain(t) (see Figure 5) . Consequently, the vertical (F zi ) and lateral (F yi ) forces generated by the external force are calculated with the rotation angle θ as
where
where l is the length of the arm, µ is the assumed friction coefficient between the brush and the duct, and m b and m l are the mass of the brush and the arm respectively. Additionally, F s is the normal force exerted on the surface of the duct. When the upper arm changes the rotating direction, the discontinuity of F s can be described by the sign function, sgn, [18] as follows
Here,
and k s is a constant greater than 1. Additionally, F s , which is the uncertain repulsive force based on the nonlinear deformation characteristics of the brush, can be represented with a random function as follows:
where F p is the reactive normal force to the surface, r n is a pseudo random function uniformly distributed between 0 and 1, with f being the reciprocating-motion frequency of the brushing arm. The equation of motion of the platform can be rewritten by including the external force obtained from the mathematical model of the brush contact from Equations (10)- (14) as
where θ is the rotational angle of the upper arm. The vector of the external force (I) is given by
and the additional moment exerted by the brush contact(M r ) is
In the calculation of (M r ), the center of mass (CM) location of the platform can be shifted by periodic motion of the upper arm within the length of W L , which is the distance from the left side of the platform to the CM [9] .
Trajectory-Tracking Control
The duct-cleaning process is carried out by rolling brushes on the moving platform contacting the inner duct surfaces at constant velocity. The mobile platform should be located on the reference trajectory, which is composed of points necessary for the brush to maintain pressure on the surface. Since the theory of perfect velocity tracking requires a complete dynamic model without consideration of external-disturbance effects in speed control, unknown interaction forces in the brushing mechanism can make the control system unstable by transmitting net force to wheels and the floor [19] . Therefore, a backstepping method to resolve those problems of the perfect velocity theory can be applied by a recursive process to nonlinear systems with indistinct boundedness of uncertainty [20] . Thus, the backstepping algorithm is effective in stabilizing the position error of the trajectory-tracking control in the case of existing disturbances and uncertainty of dynamic model of the platform. In the integrator backstepping method, the object velocity vector, v c , and the derivative of the velocity can be obtained from the position errors between the reference and the platform vector, e, as follows [7] φ r + k 2vr e y + k 3vr sin(e φ )
The control input for trajectory-tracking can be obtained by the velocity vector of the platform feedback as
where K 4 is a positive-definite diagonal matrix K 4 = k 4 I. Error stabilization of the reference trajectory can be achieved using the velocity feedback of the platform in Lyapunov stability theory [7] . However, since the system becomes unstable when there exist unknown factors such as the friction force between wheels and the floor, nonlinear controllers (such as a neural network for inferring uncertainties) or advanced PID controllers are required to reduce the position error for the trajectory-tracking controller [9] . That is, a PD-backstepping technique can offer a good solution for improving the system stability because the previous backstepping method requires a relatively long settling time from the high iteration time to find the solution. PD-backstepping is also adaptable to applications with hardware limitations, such as the torque capacity of the traction motor. Consequently, the control input of the PD-backstepping can be applied as the backstepping approach. Thus, the object-velocity vector( v c ) is described as 
and e k is the error vector of the sampling time of k. The effective energy is generated and the harmonic wave in the control input is eliminated by applying a low pass filter to the discrete form of the derivative controller, ∆d k , generating effective energy. Additionally, u PID is of incremental form to prevent rapid changes of the tractive torque required in the controller. The control scheme of the PD-backstepping controller is illustrated in Figure 6 . The red section in Figure 6 is the integration of PD control and backstepping method where the system variable is treated as an independent input for subsystem and each step results are updated for the control of the next step. 
Results
Numerical Analysis
The performance of the PD-backstepping-based trajectory-tracking controller has been evaluated by numerical method using a MATLAB TM tool. Actual contacting mechanism between brush and inner surface of the duct is complicated because the brush consists of many flexible filaments that bend during cleaning. Therefore, a model of the complicated brush-contacting mechanism on the surface of the duct has been estimated and simplified by assuming point contact between brush and duct surface as modeled in Figure 5 . Modeling parameters of the platform are summarized in Table 1 . The reference trajectory was set to [X r , Y r ] = [v r t, 0.2 sin(2π f t/60)]. The friction coefficients between wheels and the floor of the duct are changeable depending upon the surface status and environmental factors. However, the performance of the controller was evaluated by estimating the driving torque based on the arbitrary friction coefficients listed in Table 1 .
Tractive torques were calculated to reduce the position error of the platform by considering the frictional behavior of the wheels. A maximum torque limit was applied to the traction motors of the platform. Figure 7 shows the analytical results of the motor torque distribution at each wheel when various interaction forces ranging from 20N to 40N were applied to the rotating brushes. Figure 8 shows the position errors at the reference trajectory. The overall position errors increase when lateral and vertical forces due to the contacting-brush pressure act on each wheel. In particular, lateral-position errors are affected by the lateral force due to the brush-contacting mechanism. The yaw moment based on the torque differential between the left and right wheels can be used to adjust the heading angle to the reference trajectory with the nonholonomic constraint. The driving force is calculated in proportion to the vertical force exerted on the wheel. The torque difference between the left and right wheels increases as the pressurizing force used in brushing increases. Figure 7 indicates in the x-directional errors, which can be settled by applying both backstepping and PD-backstepping controllers. However, when larger pressuring forces over 30 N act on the brush, the control-torque inputs reach the upper limit of the allowed torque value, 0.95 Nm as shown in Figure 7b ,c. Thus, there exist overshoots of about 20 mm when the backstepping controller is applied as depicted in Figure 8b , and the errors become unstable as the brush pressure increases to 40 N, as shown in Figure 8c . When the PD-backstepping controller is applied, the trajectory-tracking control works in the case of a large brush pressure of 40 N and the settling time decreases from 25 to 8 s, as shown in Figure 8 . In addition, compared to the backstepping-control method, the PD-backstepping controller can reduce the velocity errors by 50% at a speed of 0.05 m/s as shown in Figure 9 . Figure 10 represents the analytical results of the longitudinal position of the ICR and the wheel slippage. By applying a limited torque of 0.95 Nm to the wheel, more traction force is required to stabilize the movement of the platform corresponding to the lateral force and the yawing moment exerted by the brush-interaction force. Therefore, the higher pressure force on the brush induces wheel slippage and shifts the location of the ICR in the longitudinal direction. Despite of the limitations of motor torque, stable tracking control can be accomplished by applying the PD-backstepping control technique, especially under a high brushing force of 40 N. 
Experimental Results
The performance of the trajectory-tracking controller was examined in an air-ventilation duct by applying random external forces to the platform. Random periodic force was used in the uncertain repulsive-brushing-pressure mechanism applied by the upper-arm motion and the system model through the duct surface and wheels. In addition, the velocity of the mobile platform was controlled with the backstepping and PD-backstepping controllers during the brushing process. Figure 13 shows the results of the trajectory tracking control experiment when external force was applied to each wheel. Current values at traction represent the traction loads acting on each wheel. The external force on the wheels causes tracking errors between the platform and the reference trajectory. Therefore, the controller increases the motor-torque inputs to assign the yaw motion to compensate for heading-angle errors of the platform. Since the PD-backstepping controller increases torque inputs proportionally to the motor constant, heading-angle errors have converged rapidly to zero degrees. In addition, the velocity was maintained at 50 mm/s as the desired speed of the moving platform (Figure 13b) . The experimental results also shows that the PD-backstepping method improves system stability by minimizing trajectory tracking errors during the changes of brushing force, and the motor torques are more adaptable to the external force in case of PD-backstepping method. 
Conclusions
In air-duct-cleaning applications under uncertain external cleaning forces, trajectory-tracking control based on modeling of the force acting on a mobile platform has been conducted using the PD-backstepping algorithm. The proposed controller is based on an incomplete-dynamic model of the platform without processing of nonlinear inference. In addition, a four-wheeled skid-steering platform model has been constructed by considering wheel slippages and the location shift of the ICR. The motor torque required by the controller can be calculated to adjust the path considering the unmeasurable force generated by the brush contact acting on the wheel without singularity of the arm movement. As the pressurizing force exerting on the brush approaches 40N, the maximum torque limit of the motor, the skid-steered platform model based the PD-backstepping controller has enabled stable tracking control. Furthermore, when the reciprocating-motion velocity of the upper arm is increased to reduce the cleaning time, the settling time can be reduced by implementing the PD-backstepping controller.
The experimental results show that trajectory tracking was achieved by adopting the suggested controller to generate suitable motor torque to reduce the position error of the platform while maintaining the objective speed. However, the inertial force from the mass of the upper-arm mechanism can be additionally produced at the directional changing points of the cleaning arm. Therefore, the inertial-force model of rapid movement of the arms can be considered to provide robust control. 
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